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A l a r g e  p r o p o r t i o n  of f a i l u r e s  of mach ine  p a r t s  is  a s s o c i a t e d  with the p ropaga t i on  of fa t igue c r a c k s .  In such 
c a s e s  the " l i fe"  of a p a r t  counted f rom the ins tan t  of c r a c k  nuc lea t ion  cons t i tu tes  a c o n s i d e r a b l e  p a r t  of i t s  total  t i m e -  
t o - r u p t u r e .  Fa t igue  f r a c t u r e ,  which in the USA alone is be ing  inves t iga ted  in m o r e  than 209 l a b o r a t o r i e s ,  has been  
s tud ied  by many i n v e s t i g a t o r s  both in the Soviet  Union (N. N. Davidenkov,  S. V. Se rensen ,  I. A.  Oding, R. M. Schneid-  
e rov i ch ,  R. D. Vagapov) and e l s e w h e r e  (Orowan, F r o s t ,  McClintock,  P a r i s ) .  However ,  insuf f ic ien t  a t ten t ion  has been  
paid to quant i ta t ive  s tud ies  of the growth  of fat igue c r a c k s .  

In this  a r t i c l e  a phenomenolog ica l  d e s c r i p t i o n  of the p r o c e s s  of c r a c k  p ropaga t i on  under  the inf luence of cyc l i c  
loads  is  p r e s e n t e d .  The p r o p a g a t i o n  of c r a c k s  in e l a s t i c - p l a s t i c  so l ids  under  tl~e inf luence of mono ton ica l ly  i n c r e a s i n g  
loads  is  d i s c u s s e d  f i r s t  with p a r t i c u l a r  r e f e r e n c e  to the d e t e r m i n a t i o n  of one of the s i ze  ef fec ts  and the phenomenon of 
d i scont inuous  c r a c k  growth (sec t ion  1). In s ec t i on  2 cyc l i c  loading condi t ions  a r e  d i s cus sed ;  the app l i ca t ion  of the 
I r w i n - O r o w a n  e n e r g y  concept  made  i t  p o s s i b l e  to d e r i v e  a s i m p l e  e x p r e s s i o n  for  the c r a c k  p ropaga t ion  r a t e  which i s  
in good a g r e e m e n t  with e x p e r i m e n t a l  data .  A phenomenolog ica l  app roach  to the p r o b l e m  of nonpropaga t ing  c r a c k s  i s  
d e s c r i b e d  in sec t ion  3, while the p r o b l e m  of s t ab i l i t y  of c r a c k  propagaLion is  ana lyzed  in sec t ion  4. F ina l ly ,  ce r t a in  
conc re t e  p r o b l e m s  a r e  d i s c u s s e d  in s ec t i on  5. 

The f r a c t u r e  of a s p e c i m e n  under  the inf luence of cyc l i c  loads  can be d e s c r i b e d  in gene ra l  t e r m s  as  fo l lows [ 1 -  
5]. At  f i r s t  no no t i ceab le  changes  take p lace .  Then, a f t e r  a ce r t a in  n u m b e r  of s t r e s s  cyc les ,  d i s loca t i ons  and 
s u b m i c r o s c o p i c  c r a c k s  a r e  f o r m e d  in the m a t e r i a l ,  which b e c o m e s  s l i gh t ly  weaker .  In the nex t  s t age  m i c r o s c o p i c  
c r a c k s  appear ;  the m a t e r i a l  cont inues  to lo se  i t s  cohes ion  and loca l  p l a s t i c  flow t akes  p lace .  The f inal  s t age  is  
c h a r a c t e r i z e d  by  the f o r m a t i o n  of a m a c r o s c o p i c  c r a c k  l ead ing  to b r i t t l e  f r a c t u r e  [6-8] .  I t  m a y  be taken as  an 
e s t a b l i s h e d  fac t  that  the m a e r o c r a c k  grows dur ing  each s t r e s s  cyc le  [9, 10]; f r a c t o g r a p h i c  examina t ion  of the f r a c t u r e  
s u r f a c e s  r e v e a l s  the p r e s e n c e  of c h a r a c t e r i s t i c  f u r r o w - l i k e  f o r m a t i o n s  r e s e m b l i n g  annual growth r i n g s  in t r e e  t runks .  

In fo rmu la t i ng  a phenomenolog ica l  d e s c r i p t i o n  of fat igue f r a c t u r e  i t  i s  convenient  to d iv ide  the p r o c e s s  into two 
s t ages .  In the f i r s t  s tage ,  the s i ze  of the d i s loca t ion  and m i c r o c r a c k s  f o r m e d  i s  c o m p a r a b l e  to the l i n e a r  d imens ions  
of r e g i o n s  of s t r eng th  h e t e r o g e n e i t i e s  (i. e. ,  g ra ins ) ;  a t  this  s tage ,  (i. e . ,  the c r a c k  nuc lea t ion  s tage)  i t  is  n e c e s s a r y  to 
take into account  the m i c r o s t r u c t u r e  and h e t e r o g e n e i t y  of the m a t e r i a l .  The second  s t age  i s  c h a r a c t e r i z e d  by the 
growth of one (most  dangerous )  m a c r o c r a c k  whose s i ze  i s  l a r g e  in c o m p a r i s o n  to the g ra in  s ize;  when the c r a c k  
p ropaga t i on  r a t e  a t  th is  s t age  is  c o n s i d e r e d ,  the he t e roge ne i t y  of the m a t e r i a l  may  t h e r e f o r e  be neg lec t ed  and the 
m a t e r i a l  m a y  be r e g a r d e d  as  homogeneous  and i s o t r o p i c .  Only the l a t t e r  s t age  (i. e . ,  the c r a c k  p ropaga t ion  s tage)  i s  
c o n s i d e r e d  below.  However ,  the app roach  used  can be  appl ied  in the a n a l y s i s  of t r a n s c r y s t a l l i n e  and i n t e r c r y s t a l l i n e  
m i e r o c r a c k s  o r  d i s loca t ions ;  in th is  c a se  the p e r t i n e n t  cons tants  (e. g.,  y i e ld  point  o r  d i s s i p a t i o n  energy)  a s s u m e ,  
na tu ra l l y ,  d i f f e r en t  va lues  a p p r o p r i a t e  to the m a t e r i a l  in the g ra in  i n t e r i o r  o r  in the g r a i n - b o u n d a r y  r e g i o n s .  

Opinions about  the r e l a t i v e  p a r t s  p layed  by the above two s t ages  in fa t igue f r a c t u r e  dif fer ;  the m a j o r i t y  v iew 
a p p e a r s  to be that  the c r a c k  p r o p a g a t i o n  s t age  cons t i tu te s  the l a r g e r  p a r t  of the to ta l  t i m e - t o - r u p t u r e  of a fa t igue 
t e s t  p i ece  [1, 3, 5, 11-13] .  

1.  C R A C K  P R O P A G A T I O N  I N  E L A S T I C - P L A S T I C  B O D I E S  U N D E R  T H E  I N F L U E N C E  O F  
M O N O T O N I C A L L Y  I N C R E A S I N G  L O A D S  

A c r a c k  in an idea l  e l a s t i c  body begins  to g row only a f t e r  the s t r e s s  i n t ens i ty  coef f ic ien t  N at  the c r a c k  edge 
has r e a c h e d  the va lue  of I r v i n ' s  cons tan t  K c [14-16] ,  the equa l i ty  N = K c be ing  s a t i s f i e d  dur ing  the q u a s i - s t a t i c  c r a c k  
p ropaga t ion .  I t  is  c l e a r  that  no c r a c k  p ropaga t ion  can take p lace  in an idea l ly  e l a s t i c  body under  the inf luence of 
cyc l i c  loads .  

To expla in  the growth of fa t igue  c r a c k s ,  i t  i s  n e c e s s a r y  to r e s o r t  to an e l a s t i c - p l a s t i c  model  of a so l id .  Le t  us 
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t h e r e f o r e  f i r s t  c o n s i d e r  the p r o p a g a t i o n  of c r a c k s  in an e l a s t i c - p l a s t i c  body under  the inf luence  of monoton ica l ly  
i n c r e a s i n g  loads;  in these  c i r c u m s t a n c e s  a p l a s t i c  r eg ion  with a c h a r a c t e r i s t i c  l i n e a r  d imens ion  d ex i s t s  n e a r  the c r a c k  
tip. Le t  us confine our  a n a l y s i s  to the m o s t  typ ica l  and g e n e r a l  c a s e  in which the s i ze  of the p l a s t i c  r eg ion  is  s m a l l  in 
c o m p a r i s o n  with the c h a r a c t e r i s t i c  g e o m e t r i c  d imens ion  of the body in ques t ion  (e. g.,  the c r a c k  length).  However ,  the 
g e n e r a l  a p p r o a c h  used  be low is  app l i c ab l e  even when this  condi t ion i s  not s a t i s f i ed  (see,  fo r  ins tance ,  the e l a s t i c -  
p l a s t i c  ana logue  of the Gr i f f i th  p r o b l e m  in [17]). When this  condi t ion i s  s a t i s f i ed ,  i t  is  p o s s i b l e  to in t roduce  the concept  
of the s t r e s s  i n t ens i ty  coef f i c ien t  N; this  coef f ic ien t  d e t e r m i n e s  the s t r e s s  and s t r a i n  d i s t r i bu t ion  at  d i s t a n c e s  f r o m  the 
c r a c k  t ip which a r e  l a r g e  in r e l a t i o n  to d but  s m a l l  in c o m p a r i s o n  with the c h a r a c t e r i s t i c  d imens ion  of the body; i t  is  
found f r o m  a so lu t ion  of the p u r e l y  e l a s t i c  p r o b l e m  as  a whole [18]. The fol lowing a n a l y s i s  is  conce rned  with the f ine 
s t r u c t u r e  of the c r a c k  tip (Fig.  1). 

Fig .  1 

Condi t ion on the c r a c k  edge in an e l a s t i c - p l a s t i c  body.  Let  a s denote  the y ie ld  s t r e s s  in tension.  The s ize  of the 
p l a s t i c  r eg ion  d can depend only on N, as ,  Young 's  modulus  E, and P o i s s o n ' s  r a t i o  v. I t  should be born  in mind that  
N has  the d i m e n s i o n s  of fo rce  d iv ided  by length to the power  of 3 /2 .  Dimens iona l  a n a l y s i s  [19] g ives  us 

d = '~l (v, ~ E ; ~ . ~  " ( 1 . 1 )  

Here  oq(v, ( rs /E)  is  a c e r t a i n  d i m e n s i o n l e s s  funct ion.  

When the e x t e r n a l  load  mono ton i ca l l y  i n c r e a s e s ,  N a l so  mono ton ica l ly  i n c r e a s e s  la the  v i c in i ty  of e v e r y  point  
a long the c r a c k  edge,  e s p e c i a l l y  in the v i c in i ty  of poin t  O (Fig.  1). I t  is  a s s u m e d  that  a t  the ins tan t  of loading  the body 
under  c o n s i d e r a t i o n  is  in a s t r e s s - f r e e  s t a te .  With i n c r e a s i n g  N the c rack ,  g e n e r a l l y  speaking ,  wil l  a l so  i n c r e a s e .  
Le t  y .  denote  the d i s s i p a t i o n  of e n e r g y  (per  uni t  s u r f a c e  a r e a )  due to c r a c k  p ropaga t ion .  The i n c r e a s e  in the c r a c k  
length Al can obvious ly  depend only on N, ~s, Y*, v, and E. D imens iona l  a n a l y s i s  g ives  

Az=~w N(E~, ~ ) 
~s ~QT) ' E ' v . (1.2) 

Here  (~ is  a c e r t a i n  d i m e n s i o n l e s s  funct ion of i t s  a r g u m e n t s .  

Le t  us d e r i v e  the equat ion of ene rgy  (Fig.  1). When the c r a c k  length  is  i n c r e a s e d  by an inf in i te ly  s m a l l  value  6l, 
the total  d i s s i p a t i n g  e n e r g y  2y,5l ev iden t ly  cons i s t s  of two components .  The f i r s t  component  6E1 is  n u m e r i c a l l y  equal 
to the l i b e r a t e d  e l a s t i c  energy;  i t  r e f l e c t s  the fac t  that  N (and, consequent ly ,  d in a c c o r d a n c e  with (1.1)) r e m a i n e d  
cons tan t  when the c r a c k  length  was i n c r e a s e d  by 6t. The value  6E1 can depend only on N, E, Os, 6l, and v. Using 
d i m e n s i o n a l  a n a l y s i s ,  we obta in  

N S (1.3) 

The a v e r a g e  i n t ens i t y  of p l a s t i c  de fo rma t ion  in the p l a s t i c  r eg ion  depends  only on as/E and v is  independent  of N, 
s ince  t h e r e  is  no c h a r a c t e r i s t i c  d i m e n s i o n  of the body in the ca se  under  cons ide ra t i on .  This  means  that  f o r m u l a  (1.3) 
can a l so  be obta ined  with the a id  of (1.1) on the b a s i s  of c o n s i d e r a t i o n s  a c c o r d i n g  to which 5E1 r e p r e s e n t s  the 
i r r e v e r s i b l e  work  of p l a s t i c  s t r a i n s  due to d i s p l a c e m e n t  of the p l a s t i c  r eg ion  ( r ega rded  as r ig id)  in the d i r ec t i on  of the 
c r a c k  p ropaga t i on  (Fig.  1). 

The second  component  6Ap r e p r e s e n t s  the i r r e v e r s i b l e  work  of p l a s t i c  s t r a i n s ,  which is a s s o c i a t e d  with the 
i n c r e a s e  in the ex ten t  of the p l a s t i c  r e g i o n  dur ing  load ing  and which is  not r e l a t e d  to the c r a c k  propagat ion ;  i t  r e f l e c t s  
the fac t  that  the c r a c k  length r e m a i n e d  cons t an t  when N was i n c r e a s e d  by 6N (Fig.  1). ~ The value  6A n = T6SFp (where 
T i s  tangent ia l  s t r e s s  in tens i ty ,  6S is  the i n c r e a s e  in the vo lume of the p l a s t i c  r eg ion  and Fp is the a v e r a g e  p l a s t i c  
s t r a i n  i n t ens i ty  in 5S) can depend only on (rs, E, N, ~, and 6N. Since T can depend only on %,  6S only on 6d, and Fp 
only on a s, E, and v, us ing  d i m e n s i o n a l  a n a l y s i s  and f o r m u l a  (1.1), we obtain 
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\ N 3 ~ 
z~ ~) z_~_&~v" (1.4) 6Ap = 2~a -K ' 

F inal ly ,  we obtain the equation of energy  in the form 

T, = a ~  - f f  , "v - N -  + a 3  , v dZ (1.5) 

Equation (1.5) should be espec ia l ly  valid in the case of ideal  e las t ic  bodies;  in this case the second t e r m  on the 
r igh t -hand  s ide  of (1.5) van i shes .  In this l imi t ing  case one can, us ing  I r v i n ' s  fo rmula  [14-16],  find ~ :  

u (plane s t r e s s  state) 
c% = (1.6) 

(i -- ~2) (plane strain) 

Let us now apply the Irwin-Orowan physical concept, according to which y, represents a material constant [14- 
18]. Equation (1.5) can be written in a form resembling the expression for the flow of hardening elastic-plastic solids: 

~EN~dN (~ :_  E~, ~ (1 7) dl = c~2%~ ( K ~  - -  N '2) \ - -  ~ / "  

Here K c is  the I rwin  constant .  

In tegra t ing  (1.7), we find 

N 2 

2a26s 8 L K c  2 ' 

( N = o  at ~=z,)  

The solid curve in Fig.  2 r e p r e s e n t s  Eq. (1.8) plotted in d i me ns i on l e s s  coordinates  N ,  and AI, :  

A / . =  2u~%3 N ~ s g ~  (l--10)], N. = ~ [ ,  (1.9) 

Condition (1.8) plays  the p a r t  of an addit ional  boundary  condition on the crack edge in an e l a s t i c - p l a s t i c  body; af ter  
de t e rmin ing  by p las t ic  ana lys i s  of s t r e s s e s  the funct ion N = N(p, l), where p is the externa l  load p a r a m e t e r ,  i t  is 
poss ibIe  to find with the aid of Eq. (1.8) the dependence of l on p in any given concre te  problem.  

/ 

/.Or - ~--7/- r--L-q---~--"-~ 

t / / ' - ~  

g5 

5 ~S /.0 

Fig. 2 

As shown in Fig.  2, c rack  propagat ion in e l a s t i c - p l a s t i c  bodies  takes place also when N < Kc; the I rwin  
condit ion N = K c is sa t i s f ied  asympto t ica l ly  at A/ ,  >> J, when the s t a r t i ng  condit ions no longer  affect the issue;  in 
prac t ice ,  according  to data in Fig. 2, any e l a s t i c - p l a s t i c  body begins  to behave l ike an ideal  b r i t t l e  body a l ready  at 
A l ,  ~ 2. 

The above qual i ta t ive  s ingu la r i t i e s  of c rack  propagat ion in e l a s t i c - p l a s t i c  bodies are  well known to exper imen ta l  

inves t iga to rs  [20-22] .  

The quant i t ies  ~1, ~2, and ~3 appear ing in (1.1) and (1.9) r e m a i n e d  inde te rmina te ;  they can be found f rom 
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e x p e r i m e n t a l  data .  In the c a s e  of through c r a c k s  in p la tes  of e l a s t i c - p l a s t i c  m a t e r i a l s  which s a t i s f y  the T r e s k - S t .  
Venant  p l a s t i c i t y  condi t ion  t h e r e  i s  an a p p r o x i m a t e  so lu t ion  of the e l a s t i c - p l a s t i c  p r o b l e m  [23, 17]. Calcula t ion  g ives  
in th is  c a se  the fo l lowing v a l u e s  of ~1 and a3 [18]: 

~ ~3~ ( i .  i O) 
~  4 ' ~ 3E" 

The p l a s t i c  r eg ion  r e p r e s e n t s  a s e g m e n t  of a length  d on the ex tens ion  of the c r a c k .  

Size  ef fec t .  I t  has  long been  known that  a given m a t e r i a l  can behave  qui te  d i f f e r en t ly  in d i f f e ren t  s t r u c t u r e s ;  i t  
m a y  behave  as a duc t i le  m a t e r i a l  in t h in -wa l l ed  o r  s m a l l - s i z e  s t r u c t u r e s  and as  a r a t h e r  b r i t t l e  m a t e r i a l  in th i ck -  
wa i l ed  o r  I a r g e - s i z e  s t r u c t u r e s .  This  e f fec t  can be  exp la ined  as  a consequence  of the above -ou t l i ned  theory .  
A c c o r d i n g  to f o r m u l a  (1.1), the m a x i m u m  p o s s i b l e  s i ze  d of the p l a s t i c  r eg ion  n e a r  a c r a c k  tip i s  

dmax = o~ /r ( i . i i )  1 ~s 2 

F o r  the s ake  of s i m p l i c i t y  l e t  us  c o n s i d e r  a s p e c i m e n  with a c r a c k  (Fig.  3). If dma  x << L, the m a t e r i a l  wiI1 
behave  dur ing  the p r o c e s s  of f r a c t u r e  as  a b r i t t l e  m a t e r i a l ,  i . e . ,  the u l t i m a t e  load wil l  subs t a n t i a l l y  depend on the 
in i t i a l  c r a c k  length;  if, however ,  dma  x ~ L, the m a t e r i a l  wil l  behave  as  a c o m p l e t e l y  duc t i le  m a t e r i a l  and the u l t i m a t e  
load  will  be  only s l i gh t ly  a f fec ted  by  the in i t i a l  c r a c k  length;  in the l i m i t i n g  ca se  of a h a r d - d u c t i l e  body, i . e . ,  when 
d m a  x >> L, the u l t i m a t e  load  wil l  be independent  of the in i t i a l  c r a c k  length and wil l  be  e n t i r e l y  d e t e r m i n e d  by the 
e f fec t ive  c r o s s  s ec t ion  of the s p e c i m e n .  Since the p r e s e n c e  of in i t i a l  c r a c k s  o r  de fec t s  in any given m a t e r i a l  is  
unavoidable ,  and s ince  t he i r  s i z e  is  r a n d o m  in c h a r a c t e r  and d i f f icu l t  to cont ro l ,  i t  i s  obvious that  in the ca se  of 
s t r u c t u r e s  c a r r y i n g  t ens i l e  loads  the d e s i g n e r  will  give p r e f e r e n c e  to m o r e  duct i le ,  even if  l e s s  s t rong,  m a t e r i a l s .  

Fig .  3 

I t  fo l lows f r o m  the fo rego ing  tha t  in the r a t i ona l  s e l e c t i o n  of s t r u c t u r a l  m a t e r i a l s  one of the b a s i c  
c h a r a c t e r i s t i c s  c o n s i d e r e d  (in addi t ion  to s t r e n g t h  and p l i ab i l i t y )  should be  the d e g r e e  of r e l i a b i l i t y  of the m a t e r i a l  
m e a s u r e d  in t e r m s  of d i m e n s i o n l e s s  p a r a m e t e r  

Kc~ (1.12) 
% -- ~s2L �9 

Here  L denotes  the c h a r a c t e r i s t i c  l i n e a r  d imens ion  of the s t r u c t u r e  in ques t ion .  When X >> 1, the m a t e r i a l  
be haves  as duct i le  and the in i t i a l  de fec t s  m a y  be neg lec ted  in the des ign  ca l cu la t ions .  When X ~ 1 and e s p e c i a l l y  when 
X << 1, i t  b e c o m e s  n e c e s s a r y  to take account  of the i n t e r n a l  m a t e r i a l  de fec t s  and to app ly  the theo ry  of c r a c k s .  I t  m a y  
be s t a ted  that,  g e n e r a l l y  speaking ,  the l a r g e r  X, the m o r e  r e l i a b l e  the m a t e r i a l ,  o the r  f a c t o r s  ( e spec i a l l y  the n u m b e r  
and s i ze  of i n t e r n a l  de fec t s )  be ing  equal .  

Discont inuous  c r a c k  growth.  The I r w i n - O r o w a n  concept  of cons tan t  7 .  p r o v i d e s  an a c c u r a t e  d e s c r i p t i o n  of 
cont inuous  (gradual )  growth  of c r a c k s  in e l a s t i c - p l a s t i c  bod ies  (Fig.  2). However ,  t he re  i s  a s e c o n d - o r d e r  effect ,  
i . e . ,  d i scont inuous  c r a c k  p r o p a g a t i o n  in c e r t a i n  e l a s t i c - p l a s t i c  m a t e r i a l s ,  which cannot be expla ined  within the 
f r a m e w o r k  of this  concept .  This  phenomenon c o r r e s p o n d s  to the p r e s e n c e  of a hump on the curve* N(AI) shown in 
Fig .  2 by a dashed  l ine  and i s  ana logous  to the de lay  in p l a s t i c  f low (a "tooth" on the ~ ( e ) d i a g r a m ) .  The N(AI) 
d i a g r a m  is  in i t s  p h y s i c a l  s e n s e  ana logous  to the (r(e) d i a g r a m  and, in a c c o r d a n c e  with (1.2), can be found d i r e c t l y  by 
e x p e r i m e n t  without  b r i n g i n g  in any addi t iona l  p h y s i c a l  concepts .  The p r e s e n c e  of a hump on this  d i a g r a m  is  ev iden t ly  
due to the p r e s e n c e  (in he t e rogeneous  m a t e r i a l  s t r u c t u r e )  of f a i r l y  s t r o n g  components  inh ib i t ing  the growth of c r a c k s  
and d i s loca t ions ;  the he ight  of the hump (as the he ight  of the tooth [24]) is  s u b s t a n t i a l l y  dependent  on the r a t e  of 

*Similar diagrams in articles by Ya. B, Fridman et al. were aptly called fracture diagrams. 
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loading, i . e . ,  on dN/dt,  where t denotes time'. 

2. C R A C K  G R O W T H  U N D E R  C Y C L I C  L O A D S  

Let  us now cons ider  the q u a s i - s t a t i c  c rack  propagat ion in e l a s t i c - p l a s t i c  bodies in the case of cyclic  loads which 
const i tute  ce r t a in  per iodic  funct ions  of t ime.  If one fo rmula tes  the p rob lem of the fine s t ruc tu re  of a c rack  tip for the 
case in which the concept of the s t r e s s  in tens i ty  coeff icient  is meaningful ,  the propagat ion ra te  of the c rack  tip d / /dn  
under  the inf luence of cycl ic  loads can depend only on the max imum and m i n i m u m  values  of the s t r e s s  in tens i ty  
coefficient  dur ing  one s t r e s s  cycle (Nma x and Nmin), on the number  of s t r e s s  cycles  n, on the energy  y .  d iss ipa ted  as 
a r e su I t  of a uni t  sur face  a r e a  of the crack,  and on m a t e r i a l  constants  E, as,  and >. Since n is  v e r y  la rge ,  i t  can be 
rega rded  as a continuotis a rgument .  Dimens iona l  ana lys i s  gives 

d--'n" = ~s 2 \ E T  * , N m a ~  , r t ,  - ~ - ,  'v �9 

Here @ is a ce r ta in  d imens ion l e s s  function of i ts  a rguments .  

Crack propagat ion ra te .  The funct ional  r e l a t ion  (2.1) can be de t e rmined  on the bas i s  of cons idera t ions  
subs tan t ia l ly  s i m i l a r  to those outl ined in the p rev ious  chapter .  It  was a s sumed  prev ious ly  that the body under  
cons idera t ion  is  in a s t r a i n -  and s t r e s s - f r e e  s tate  at the ins t an t  of the appl icat ion of the load; le t  us now analyze the 
p roce s s  of c rack  propagat ion due to i n c r e a s i n g  N f rom Nmi n to Nma x, i t  be ing a s sumed  that events  p reced ing  the 
ins tan t  at which N = Nmi n led to the appearance  of r e s idua l  (initial) s t r e s s e s  and s t r a i n s  in the body. It  is easy  to see 
that the en t i re  r ea son ing  p roces s  used in the der iva t ion  of fo rmulas  (1.1), (1.3)-(1.5),  and (1.7) can be d i rec t ly  applied 
to the case under  cons idera t ion;  however,  an, a2, and ~3 now depend on the deformat ion  h i s to ry  before  the in i t ia l  
ins tant ,  at which N = Nmi n. Let  a 0 denote a p a r a m e t e r  cha rac te r i z ing  the magni tude of in i t ia l  s t r e s s e s  r e spons ib le  for 
the prev ious  course  of loading and c rack  propagat ion (% < as). 

In analogy to fo rmulas  (1.1) and (1.7) we obtain 

dl { r c~s ENa  d = O; 1 ~ �9 

~-~ : a~ ~ ~ , E ' v ~ (Kg  - N~) ' ~ - '  - ~  ' 

Here the m a t e r i a l  constants  a s, E, Kc, and v depend, genera l ly  speaking,  on the previous  deformat ion  his tory.  
For  the sake of s impl ic i ty ,  however,  this dependence is neglected in the following ana lys i s .  

It  can be shown that  the dependence of funct ions ~l  and a4 on the f i r s t  a rgumen t  a0/E may be neglected.  This 
follows f rom the fact that a 0 <  as and a s / E  is  ve ry  sma l l  (~0.01) for all  the s t ruc tu r a l  ma te r i a l s ;  moreover ,  it  is 
known f rom the p rev ious  sect ion that at a 0 - - 0  there  a re  f inite l imi t s  of continuous funct ions cq(a0/E, a s /E ,v )  and 
cq(a0/E, a s / E ,  v). Let/3 denote the following m a t e r i a l  constant*:  

r s "~ E K c ~  = ~, o, T '  ~ ) - ~ S "  (2.3) 

It is quite na tu ra l  to a s s u m e  that no change in the c rack  length takes place when the load is  reduced,  i . e . ,  when 

Nma x dec r ea se s  to Nmi n. 

In tegra t ing  (2.2) between Nmi n and Nmax, we obtain an exp res s ion  for the i n c r e a s e  in c rack  length Al dur ing  one 
s t r e s s  cycle: 

2 2 2 \ ( N ~ - - N ~ , ~  . K ~ - - N ~  x 
Al ---- - -  ~3 \ K7 4- - -  ) .  (2.4) 

- , I n K e s _ / V 2 m i n  

T r a n s f o r m i n g  to continuous va r i ab l e s ,  we find the unknown ra te  of crack growth 

*Thus,  the assumpt ion  that the inf luence of r e s idua l  s t r e s s e s  on c r a c k  propagat ion may be neglected  is in this 
case  ver i f ied  by the poss ib i l i ty  of r ep lac ing  f (e )  by f (0 ) ,  s ince f (0)  is f inite and e smal l .  This a s sumpt ion  is made in 
all  the inves t igat ions  known to the author of the growth of fatigue c racks ,  e . g . ,  in papers  by McLintock [25], P a r i s  

[26], andHul t  [27]. 
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/ N ~ N 2 2 ) dl = ~ max-- mia Kc2-- Nmax 
d-~- -K~ + In �9 (2.5) 

K c ' z -  N2mia 

It  is  convenien t  to d e t e r m i n e  the c r a c k  p ropaga t i on  r a t e  as  given by  (2.5), (1.8), and (1.9) with the a id  of the 
f r a c t u r e  d i a g r a m  N ,  v e r s u s  A I .  (Fig .  2). 

Equat ion (2.5) p l ays  the p a r t  of an addi t ional  b o u n d a r y  condi t ion  on the c r a c k  edge in an e l a s t i c - p l a s t i c  body 
sub jec t ed  to cyc l i c  loads ;  the dependence  of 1 on e x t e r n a l  load  p a r a m e t e r s  Pmax and Pmin in any given conc re t e  
p r o b l e m  is  found a f t e r  subs t i t u t ing  s t r e s s  i n t ens i t y  coef f i c ien t s  Nma x and Nmi n (de t e rmined  by  a p u r e l y  e l a s t i c  
a n a l y s i s  and cons t i tu t ing  funct ions  of p and l) in the d i f f e r en t i a l  equat ion (2.5) and so lv ing  i t  in r e s p e c t  of l(n). 

Equation (2.5) can obviously be used to analyze also the case in which Pmax and Pmin vary with time (measured 
in terms of the number of cycles). 

Let  us  r e p l a c e  the r i g h t - h a n d  s ide  of (2.5) by  a s e g m e n t  of a T a y l o r  s e r i e s ;  this  g ives  the following,  s o m e t i m e s  
m o r e  convenien t  equat ion:  

N m i n  , Nfflax - -  . N r a a x -  Nmi  n dl ( N m a  x __ Nmin  ~ ~ ~ 2 
d--n = ~ \" ~ -~" 3Kc6 ~- ~ s -  ~- .-. (2.6) 

If Nmi n < 0, one should take Nmi n = 0 in (2.5) and (2.6), s ince  in c o m p r e s s i o n  a c r a c k  c lo se s  (except  p e r h a p s  
fo r  s m a l l  r eg ions  n e a r  the c r a c k  tip) and s t r e s s  concen t r a t i on  at  the c r a c k  tip d i s a p p e a r s .  

C o m p a r i s o n  with e x p e r i m e n t .  In sp i t e  of the l a r g e  number  of e x p e r i m e n t a l  s tud ies  of fa t igue s t rength ,  the 
growth of f ixed  fa t igue  c r a c k s  has  been  i nves t i ga t e d  only in the l a s t  ten y e a r s .  The f i r s t  i n v e s t i g a t o r s  in this  f ie ld 
(Orowan, Head, F r o s t ,  Weibul l )  f a i l ed  to a p p r e c i a t e  the loca l  c h a r a c t e r  of the laws  of r u p t u r e  at  the c r a c k  tip and, as  
a r e s u l t ,  f o r m u l a t e d  the i r  r e s u l t s  in non inva r i an t  v a r i a b l e s .  This  loca l  c h a r a c t e r  b e c a m e  appa ren t  a f te r  the work  of 
I rwin.  Ex tens ive  e x p e r i m e n t a l  i nves t i ga t i ons  of the r a t e  of growth  of fa t igue  c r a c k s  have r e c e n t l y  been  c a r r i e d  out by 
Donaldson and A n d e r s o n  [28], P a r i s  [26], and P e a r s o n  [29] who s tud ied  n u m e r o u s  a luminum,  molybdenum,  t i t an ium 
and o the r  m e t a l  a l loys  at  Nmi n = 0. P a r i s  obta ined the f o r m u l a  d / / d n  ~ N4max, while the f o r m u l a  d / /dn  ~ N~6ax was 
obta ined by  P e a r s o n .  In a p r e v i o u s  work  Liu, obv ious ly  inf luenced by e r r o n e o u s  t h e o r i e s  of F r o s t  and Dugdale [6], 
d e r i v e d  an e x p r e s s i o n  d / / d n  2 . ~ Nma x, P a r i s  pointed out i n a c c u r a c i e s  in his ca l cu la t ions  which were  admi t t ed  by Liu in 
the ensu ing  d i s c u s s i o n  [26]. 

In a c c o r d a n c e  with (2.7), at  N m a x / K  c ~ 0.5 i t  is  p o s s i b l e  to r e p l a c e  ( accura t e  to about 15%) Eq. (2.6) by the 
P a r i s  f o r m u l a .  If one b e a r s  in mind  the wide s t a t i s t i c a l  s c a t t e r  of e x p e r i m e n t a l  data ,  such an a g r e e m e n t  be tween  our  
r e s u l t s  and the e x p e r i m e n t a l  r e s u l t s  obta ined  by P a r i s  and P e a r s o n  may  be r e g a r d e d  as  quite s a t i s f a c t o r y .  

F o r m u l a  (2.5) d e s c r i b e s  a l so  qui te  a c c u r a t e l y  the da ta  of Donaldson  and Ande r son  [28]. Markochev*  found an 
exponent ia l  r e l a t i o n s h i p  d l / d n  ~ A + exp (BNmax) for  four  a l loys  s tud ied  in the r ange  of a r e l a t i v e l y  sma l l  number  of 
cyc l e s  (103-104), i . e . ,  at  N m a x / K  c a p p r o a c h i n g  1.0 ( low-endurance  fa t igue) .  These  r e s u l t s  a r e  a l so  s a t i s f a c t o r i l y  
d e s c r i b e d  by  Eq. (2.5). The e x i s t e n c e  of d i f f e r en t  e m p i r i c a l  f o r m u l a s  is  a t t r i bu t ab l e  to a wide s t a t i s t i c a l  s c a t t e r  of 
t e s t  r e s u l t s  and to the f ac t  tha t  d i f f e r en t  i nves t iga t ions  were  c a r r i e d  out in d i f f e ren t  r a n g e s  of the N ,  v e r s u s  A I .  
d i a g r a m .  

The r e s u l t s  of this  i nves t iga t ion  can be e a s i l y  appl ied  to s h e a r  c r a c k s .  An a p p r o x i m a t e  t h e o r e t i c a l  r e l a t i o n  
dl/dn 4 Nma x was derived for longitudinal shear cracks by McClintock, who based his derivation on the theory of 
accumulation of plastic strains in the plastic region of the material [28]. 

3. N O N P R O P A G A T I N G  F A T I G U E  C R A C K S  

E x p e r i m e n t  shows [6 -8 ]  that  fa t igue  c r a c k s  p roduced  in the in i t i a l  fa t igue  s t a g e s  s o m e t i m e s  do not g row 
r e g a r d l e s s  of the n u m b e r  of load ing  cyc l e s .  In the p h y s i c a l  s e n s e  this  e f fec t  is  obv ious ly  a s s o c i a t e d  with the 

*V. M. Markochev, Dissertation: "Methods of Investigating the Kinetics of Macrofracture of Sheet Materials 
' Under Single and Repeated Loads" [in Russian], VIAM, Moscow, 1966. 
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m i c r o h e t e r o g e n e i t y  and g ra in  s t r u c t u r e  of r e a l  m a t e r i a l s  and with t he i r  adap t ab i l i t y  c h a r a c t e r i s t i c s . *  The l a t t e r  
conc lus ion  can e a s i l y  be r e a c h e d  s t a r t i n g  f rom the gene ra l  nonvar i ance  c o n s i d e r a t i o n s  for  c r a c k s  that  s a t i s f y  the 
f o r m u l a t i o n  of the p r o b l e m  of the fine s t r u c t u r e  of a c r a c k  tip when the concept  of s t r e s s  i n t ens i ty  coef f i c ien t  i s  
meaningfu l .  In fact ,  in the m o s t  gene ra l  c a se  the condi t ion of nonpropaga t ion  of a c r a c k  tip at  N = Nma x and at  a v e r y  
l a r g e  number  of load ing  c y c l e s  (when the e f fec t  of the in i t ia l  condi t ions m a y  be neg lec ted)  can be wr i t t en  in the fo rm of 
a c e r t a i n  inequal i ty ,  in which p a r a m e t e r s  of the e l a s t i c - p l a s t i c  med ium ( s t r e s s e s ,  s t r a i n s ,  d i s p l a c e m e n t s ,  e tc . )  and 
the i r  funct ional  c h a r a c t e r i s t i c s  n e a r  the c r a c k  tip (in v iew of the loca l  c h a r a c t e r  of rup tu re )  a ppe a r .  Since a l l  the 
p a r a m e t e r s  of the m e d i u m  nea r  the c r a c k  tip a t  l a r g e  n and at  N = Nma x depend only on Nma  x and Nmin, any given 
inequa l i ty  will  be r e d u c e d  to 

Nmax~.Ky](Wmin/Nmax) (0 ~ Ky~Kc).  (3.1) 

Here  f is  a c e r t a i n  d i m e n s i o n l e s s  function of i t s  p a r a m e t e r ,  and K y  is  a m a t e r i a l  constant .  If K y  ~ 0, the 
fa t igue  l i m i t  of the m a t e r i a l  wi l l  obv ious ly  be  not  equal  to ze ro .  

Ex tens ive  e x p e r i m e n t a l  s tud ies  a imed  at  the d e t e r m i n a t i o n  of the condi t ion of nonpropaga t ion  of a c r a c k  
emerg ing ,  in a spec i a l  case ,  on the f r ee  r e c t i l i n e a r  bounda ry  of a " s e m i - i n f i n i t e "  p la te  in a d i r e c t i o n  n o r m a l  to the 
bounda ry  (the p la te  be ing  sub jec ted  at  " inf in i ty"  to a un i fo rm cyc l i c  t ens i l e  s t r e s s  p with a cons tan t  coef f ic ien t  of 
cyc le  a s y m m e t r y )  were  c a r r i e d  out by  F r o s t  [30, 31]. This  work  led to the fo rmu la t i on  of an e m p i r i c a l  condi t ion 

3 2 Pmax / < C, where  C is a m a t e r i a l  constant .  On the b a s i s  of c o n s i d e r a t i o n s  of d imens iona l  a n a l y s i s  Nma x in this  c a se  
is  equal  to Xp2max/, where  X is  a c e r t a i n  number .  Hence,  on the b a s i s  of the ge ne ra l  condi t ion (3.1) a c r a c k  will  not 
grow if P2maxl < K y / h .  This  m u s t  be r e g a r d e d  as  be ing  in s a t i s f a c t o r y  a g r e e m e n t  with F r o s t ' s  r e s u l t s ,  e s p e c i a l l y  if i t  
i s  bo rne  in mind that  in Fros tTs  e x p e r i m e n t  a t  s m a l l  l the n e c e s s a r y  condi t ion d << l (fine s t r u c t u r e  of the c r a c k  tip) 
was only p a r t l y  s a t i s f i ed .  

I t  should be noted that  I r w i n ' s  condi t ion N = K c fo r  b r i t t l e  c r a c k s  can be obtained f r o m  the s a m e  nonvar i ance  
cons ide r a t i ons .  

4. STABILITY OF CRACK PROPAGATION 

Inves t iga t ions  of condi t ions  of s t ab le  c r a c k  p ropaga t ion  a r e  of c o n s i d e r a b l e  i m p o r t a n c e  b e c a u s e  the t r an s i t i on  to 
the uns tab le  r ange  l e a d s  in p r a c t i c e  to a f a i l u r e  of a given s t r u c t u r e .  

Monotonic i n c r e a s e  in the load.  Le t  p denote the ex t e rna l  load p a r a m e t e r  and l the c r a c k  length  p a r a m e t e r ,  
which is  a c e r t a i n  func t ionof  p. Le t  us  a s s u m e  that  the e x t e r n a l  load and c r a c k  length i n c r e a s e  with i n c r e a s i n g  p and 
l, r e s p e c t i v e l y .  The p a r a m e t r i c  condi t ion of the s t a b i l i t y  of growth  of the c r a c k  tip wil l  then be  in the fo rm 

d ~ > 0 .  (4.1) 

Changing the s ign  in (4.1) will  give the condi t ion of in s t ab i l i ty .  Le t  us find the fo rm of (4.1) in the ca se  of a 
mono ton ica l ly  i n c r e a s i n g  load ac t ing  on an e l a s t i c - p l a s t i c  body. Since the funct ion N = N(p, l) is  d e t e r m i n e d  f r o m  the 
r e s u l t s  of e l a s t i c  a n a l y s i s  of s t r e s s e s ,  the dependence  of p on l i s  given in an i m p l i c i t  f o r m  by (1.8). Di f fe ren t i a t ing  
i t  in r e s p e c t  to l and us ing  (4.1), we obta in  the fol lowing condit ion of s tab i l i ty :  

ON [~%~ (KJ -- N9 Y[] aN . 0 
I_ a8 EN3 / ~ -  "~ " ( 4 . 2 )  

The condi t ion of i n s t a b i l i t y  i s  obta ined by  changing the s ign in (4.2). Inequal i ty  (4.2) m a k e s  i t  p o s s i b l e  (on the 
b a s i s  of e l a s t i c  a n a l y s i s  of the p r o b l e m )  a p r i o r i  to d e t e r m i n e  the r e g i o n s  of s t ab le  and uns tab le  c r a c k  p ropaga t ion  on 
the s u r f a c e  (p, l). 

In a spec i a l  case ,  a t  N = K c we obtain f r o m  (4.2) the fol lowing condi t ion of the s t ab i l i t y  of c r a c k  propagat ion :  

ON / ON ~ -  / ~ < o. (4.3) 

*V. V. Bolot in d rew the a u t h o r ' s  a t ten t ion  to the ro l e  p l ayed  by  a da p t a b i l i t y  in the p r o b l e m  under  cons ide ra t i on .  

680 



Cycl ic  loads .  In a c c o r d a n c e  with (2.6) the length  of a c r a c k  under  the inf luence of cyc l i c  loads  a lways  
mono ton ica l ly  i n c r e a s e s  with i n c r e a s i n g  n u m b e r  of s t r e s s  c y c l e s  (d l /dn  > 0). Cons ide r ing  the i n c r e a s e  in appl ied  load 
dur ing  a s ingle  cyc le  and us ing  f o r m u l a s  (2.2) and (2.3) and condi t ion  (4.1), we ob ta in - - in  the s a m e  way as  b e f o r e - - t h e  
fo l lowing condi t ion of s t ab i l i ty :  

[Kc ~ ( K ~ - -  N2) ON ] / O N .  
2~N 3 O/'.1 / ~P ~ u. (4.4) 

The condit ion of i n s t a b i l i t y  i s  obta ined  by  changing the s ign  in (4,4). In a c c o r d a n c e  with (4.4) the number  Of 
cyc l e s  b e f o r e  the onse t  of i n s t a b i l i t y  (which usua l ly  l eads  to the f a i l u r e  of a given s t r u c t u r e )  is  given by the equat ion 

Kc 2 (Kc 2 -  N ~) = 2~N 3 ~ (N = N (p, l)). (4.5) 

in which we subs t i tu t e  p = Pmax and funct ion l = l(Pmax, Pmin,  n) found f r o m  a so lu t ion  of the d i f f e r en t i a l  equat ion (2.5). 

F ina l ly ,  i t  should be  noted that  the so lu t ion  obta ined f r o m  (2.5) has  a l i m i t  N(p,/)~.~Kco When this l i m i t  is  
approached ,  the c r a c k  p ropaga t i on  r a t e  a p p r o a c h e s  inf in i ty  (though the c r a c k  length  i s  f ini te) .  

5. CONCRETE PROBLEMS 

Let  us  c o n s i d e r  s o m e  m o s t  typ ica l  p r o b l e m s  of the p r o p a g a t i o n  of fa t igue  c r a c k s .  

An a n a l y s i s  of the Grt f f l th  p r o b l e m .  Le t  an inf ini te  p la t e  pu l led  at  inf in i ty  by un iax ia l  s t r e s s e s  ay = p have a 
through r e c t i l i n e a r  c r a c k  of a length  2l (Fig .  4). The app l ied  s t r e s s  is  n o r m a l  to the c r a c k  l ine.  In this  c a se  the s t r e s s  
i n t ens i ty  coef f ic ien t  i s  g iven by  [14] 

N = p V[/V~. (5.1) 

Let us assume that the load p is a certain periodic function of time (Pmax~ P ~ Pmin) �9 

t 

f 

# 

Fig .  4 

In a c c o r d a n c e  with (2.5) and (5.1) the c r a c k  p ropaga t i on  r a t e  i s  given by  

dl [ , t - -  al 1 
dn  - -  - -  ~ ~(a - -  b) l T In l -----'-~'~J 

p2 .  
P~max b ram~ 

a ~ 2Kc~ , ~ 2 - -~ j / "  

At Pmin < 0 one should take  b = 0. 

(5.2) 

The n u m b e r  of c y c l e s  at  the i n s t an t  of the l o s s  of s t ab i l i t y  n f  is  d e t e r m i n e d  with the aid of (5.1), (5.2), and (4.5) 
f r o m  the fol lowing s e t  of equat ions :  
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al(~a + l) = i ,  
al 

dx 
~anl ----- ! Fn (t -- bx / a) - -  In (t - -  x) -:- ( l - -  b /a)  

al,) 

(5.3) 

Here l 0 denotes the in i t ia l  c rack  length. 

The solut ion of (5.2) exis ts  in the range  0 < n < n c, l 0 < l < a -1, where the m a x i m u m  poss ib le  number  of cycles  
n c is given by the second equation in (5.3) at a l  = 1, in which i t  is  only n e c e s s a r y  to subst i tu te  n f  for n c. It is obvious 
that the boundary  of the ex is tence  of the solut ion n = n c defines the onset  of b r i t t l e  f r ac tu re  cor responding  to the 
Griffi th solut ion 2 -~ 2K2c / [32]. The l a t t e r  co r responds  to the ins t an t  of rapid  acce le ra t ion  of c rack  propagat ion.  Pmax 

In accordance  with (4.4), (5.1), and (5.3) at n c > n > nf the crack will propagate under  uns tab le  condit ions;  in  
these c i r c u m s t a n c e s  n f  should be r ega rded  as the n u m b e r  of cycles to rup ture  of the plate as a whole. 

In accordance  with (5.2) the funct ion l = l(n) monotonica l ly  i n c r e a s e s  f rom l = l 0 to l = a -1 = l(ne); at the same  
t ime,  /T(nc) = oo. Values of this function at alo = 0.1 and b = 0 are  given below for  ce r t a in  va lues  of d imens ion l e s s  
va r i ab l e s  l ,  = a l ,  n ,  = af in .  

n , ~ t  4 6 8 t 0  12 14 t5 
/ ,=0. i0  0.t2 0.15 0.i8 0 .22 0.39 0 .55 0.82 

Below we reproduce  va lues  of Pmax calculated f rom (5.3) for d i f fe rent  n u m b e r s  of cycles n ]  at  b = 0 and 
flPmax2 << 2K2c (in d imens ion l e s s  va r i ab l e s  a ,  = alo,  n f ,  = f l n c / l o ) .  

nt,~-O 2 4 6 10 
a,--0.80 0.48 0.40 0.35 0.29 

The fatigue l imi t  in this  case is  approximate ly  K~ ~- 0.2K2c . 

20 160 
0.25 0.20 

2 2K2c means  that the i n c r e a s e  in the c rack  length per  cycle is On the bas i s  of (2.4) and (5.1) the condit ion fiPmax << 
sma l l  in compar i son  with the total c rack  length. 

It is known that s t andard  tens i le  tes ts  on e l a s t i c - p l a s t i c  m a t e r i a l s  give highly r ep roduc ib le  r e su l t s ,  while the 
r e su l t s  of fatigue tes ts  on the s ame  m a t e r i a l s  are  as a ru le  widely sca t te red .  This fact  is a t t r ibutable ,  in the theory 
postulated,  to the p r e s e n c e  of p a r a m e t e r  l 0 in fo rmula  (5.3); this p a r a m e t e r  r e p r e s e n t s  the length of c racks  in i t i a l ly  
p r e s e n t  in the m a t e r i a l  or  fo rmed  in the in i t ia l  fatigue stages and is evident ly  a s tochas t ic  m a t e r i a l  constant .  

Thus, the s t a t i s t i ca l  na tu re  of fatigue s t rength  is  analogous to the s t a t i s t i ca l  na tu re  of b r i t t l e  s t rength .  

A c rack  e m e r g i n g  on the body sur face .  Let a r e c t i l i n e a r  crack of a length l emerge  on a f ree  f la t  boundary  of a 
ha l f - space  in a d i rec t ion  n o r m a l  to this  boundary .  It  is a s sumed  that the condit ions of plane s t r a i n  or  plane s t r e s s  
s tate  a re  sat isf ied.  I t  is a s sumed  also that the c rack  edges a re  not under  load and that cycl ic  s t r e s s e s  p pa ra l l e l  to 
the boundary  of the ha l f - space  a re  applied at  inf ini ty.  In this case  the s t r e s s  in tens i ty  coeff icient  is [33] 

N =: 0.79 p ] / ' l  (5.4) 

All the qual i ta t ive  s ingu la r i t i e s  cha rac t e r i s t i c  of the preceding  p rob lem are  re ta ined  in this p rob lem.  In 
p a r t i c u l a r  this applies to fo rmulas  (5.2) and (5.3) for the c rack  propagat ion ra te  and the u l t imate  n u m b e r  of cycles;  
ca lcu la t ions  ca r r i ed  out above also r e m a i n  valid,  a and b be ing  given by the following express ions :  

P~nax 2 Pmin 
a = 0 . 6 2 ~  . b~0.62 Kc 2 (5.5) 

A crack  under  the inf luence of a concent ra ted  force.  Let  the opposite edges of a through r e c t i l i n e a r  c rack  of a 
length 2l in an inf ini te  plate  be acted on by two equal and opposite concent ra ted  forces  P. The fo rces  a re  applied in 
the cen te r  of the c rack  n o r m a l  to i ts  surface;  there  a re  no s t r e s s e s  applied at infini ty.  In this case the s t r e s s  
in tens i ty  coefficient  is  

P 
N =  ~ .i/-~- z �9 (5.6) 
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Let P be a per iod ic  funct ion of t ime (Pmax ~ P ~ 0). In accordance  with (2.5) and (5.6) the crack propagat ion 

ra te  w-ill be 

d~- ~ -- ~ L ~  In 1 -- 2g~Ke~ l / j  
(5.7) 

In this case  a fat igue c rack  begins  to grow when the in i t ia l  c rack  length l 0 is i nc rea sed  to l l  under  the inf luence 
of the load monotonica l ly  i n c r e a s i n g  to P m a x  dur ing  the f i r s t  loading cycle.  In accordance  with (5.6) and (1.8) the 

Iength l i  is found f rom 

~EK: [ e~= +ln ~ - - ~  (5.8) 

which is eas i ly  solved with the aid of the graph in Fig. 3. 

The solut ion of Eq. (5.7) can be r e p r e s e n t e d  in the form 

1/i*l dx 
n , = - -  x"-[x@ln(t--x)] 

1/I, 
2~Kc2 ~ 2~Kc ~- 2~Kc2 \ 

n , =  ~ n, l , - -  l, l , , =  o 2 ~ l l  ) 
Pmax P~ax Zmax / 

(5.9) 

Cer ta in  va lues  of funct ion l ,  = l , ( n , )  at  1,1 = 1 a re  given below: 

n.~0 t 2 4 8 i2 
1,~-~t.00 i.60 1.75 2.3i 2.Sl 3.00 

In accordance  with the genera l  condit ion for nonpropagat ion  of c racks  (3.2), the crack under  cons idera t ion  will 
grow to a Iength ly  

/)2max (5.10) 

af ter  which i ts  growth will cease  (at 1,1 = 1, l y ,  ~ 3 and Ky 

A c rack  in a r e c t a n g u l a r  c ro s s  sec t ion  beam (Fig. 5). Let a beam of r ec t angu la r  c r e s s  sect ion be subjected to 
pure  a l t e rna t ing  bending by a m o m e n t  M (Mma x ~ M ~ -Mmax) .  In this case the s t r e s s  in tens i ty  coefficient  in the tips 
of s y m m e t r i c a l l y  growing c racks  will be [34] 

M (%__~ ~_). (5.11) 

Some va lues  of funct ion f a re  given below: 

L ~0 t 2 4 6 10 15 20 
f(k)~--0 0.tt 0.20 0.32 0.39 0 .47 0 .53  0.57 

In accordance  with (2.5) the c rack  propagat ion ra te  is  

dn. ~ -- M~* ] (~) -- In [t -- M~./(~,)] (5.12) 

KELP/2 ' 

The solut ion of (5.12) is  eas i ly  found with the aid of graphical  in tegra t ion .  The function k depends on n , ,  on the 
in i t ia l  value )`0, and on M, .  The u l t ima te  n u m b e r  of cycles  to rup tu re  is ,  in accordance  with (4.5) and (5.I1), given by 

M. If][% (n., %0, M.)]---~i, (5.13) 

if the i n c r e a s e  in the c rack  length per  cycle is negl igibly sma l l  in compar i son  with the beam width. As a n u m e r i c a l  
example  the fol lowing f igures  can be cited: at )̀ 0 = 0.05 and M,  = 0.33 we have ) 'max ~ 0.4 and n f ,  = 10. 

Several  va lues  of the funct ion )`(n,) a re  given below: 
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n,=0 2 5 7 8 9 9.5 
=0.05 0.06 0.08 OAt 0.15 0.25 0.36 

Thanks are  due to Yu. N. Rabotnov for his valuable comments.  
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